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The method of extension of a differential operator is carried over to systems of
second-order parabolic linear differential equations, The problem of the anal-
ytical design of regulators with controls by boundary functions is reduced by
means of the method of extension of a differential operator to a problem with
distributed controls and is solved by the dynamic programming method,

In the theory of partial differential equations it is well known [1] that i near
homogeneous equations with inhomogeneous boundary conditions are essentially
equivalent to inhomogeneous equations with homogeneous boundary conditions,
This can be shown by the method of extension of a differential operator [2-4],

Using delta-functions and their derivatives a linear homogeneous equation
with inhomogeneous boundary conditions can be written as an inhomogeneous
equation with homogeneous boundary conditions when certain continuity and
differentiability conditions are fulfilled, In the case when the boundary cond-
itions are the control functions, the inhomogeneous equation obtained can be
treated as an optimal problem with distributed controls,

An analytical solution was obtained in [3, 4] by this method for the problem
of bringing a rod’s temperature upto a specified temperature distribution in a
fixed interval of time with minimal energy, and an example with controls
bounded in absolute value, analyzed earlier in [5], also was examined,

The analytical design problem for regulators for partial differential systems
with distributed controls was considered in [6, 7], Problems with boundary-
function controls were studied in [7-9],

1, Let Q be an open connected bounded subset of an m-dimensional Euclidean space,
with the coordinate vector8 = (sy,..., 5;,).Let Q) denote the closure of set Q,and .
the boundary of ,The symbol x = col " Tyyeeen xn[] will denote a column-matrix,
We consider a controlled plant described by the following system of partial differential
equations;

dujot = Lu(s, t) (8E=Q,t>0) (1.1)

The initial conditions for system (1,1) have the form
u(s,0) =uy(s) (s€0,t=0) (1.2)

The boundary conditions may be of two kinds:
4° first boundary value problem
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u(s,t) =f,(s, ) EBEwt>0) 1.3)
2°second boundary value problem
Bu(s,t) =1;(5,t) (s€0,t>0) (1.4)

Here u (s, t) is the state vector of the system, f, (s, ¢) (¢ = 1, 2) are boundary
control functions, Z and B are linear differential operators defined by the following
relations;

u=gglﬂu..,,,.u_lL f. —colilf......7..10 (o =4 N
47 7 g w [ %4 FIGn g \» Ay &)
Lu =col|Lw,...,Lyu], Bu= col|Byu,...,B,u]
uy = L= a%"uh,q -+ au"uj,, + a;uy (azq = agjp) (1.5)
B = {al'usq + my @y — (@) qus} np (=1, 0)
Ou; du o%u aa{;"

— ] ) i q
U= U=, Upe= 5 (6f)y = 5*
at asp asﬂasq 3sq

In these relations n, are the direction cosines of the outward normal to the boundary
@ of region Q; a?;f are twice continuously differentiable functions, @} are contin-
uously differentiable functions, a;; .and ji; are continuous functions of argument 8. In
relations (1. 5), as well as subsequently, pairs of like indices imply summation,
Summation over the indices i, j, k, v and p is carried out from one to 1, while over
the indices p, ¢,  and & from one tom.Summation is not carried out over indices which
indicate the number of relations in the writing of the formulas (in the given case, i).

Those initial distributions u, (8)for which system (1,1) with controls f, = 0 (a =
= 1, 2) has a unique solution twice-continuously differentiable in 8 are said to be
admissible, The square matrixQ (s, s") = | Q;; (s, s’)l]l"symmetric with respect to
8 and 8’ is said to be positive definite if

§ §0i09) Qs 80260282 >0 @0

[N ¢ )

for any continuous square-integrable vector-valued functionv (s) =col [vs (8)yeeesln (s)l
We assume that the boundary o of region Qcan be split up into a finite number of
(m — 1)- dimensional hypersurfaces such that the tangent hyperplane to each of them
varies continuously from point to point, and we suppose that we know the equation of
boundary @ so that

P(8)=0 (s€w) (1.6)
In the case of a pro‘t;lem over an infinite time interval we are given the functional
Jo= \Wat, W.=woiLw,m  @=y,3 .7

0
In the case of a problem over a finite time interval we take the functional J,*in the
following form:

Tt = S Wadt +W®  @=1,2) (1.8)
[ 1]

Here
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W — § Su‘ (8, 8) Quy (8, 8') 3 (8", £) A Q! (1.9)
Q
W = SQa‘“’ @) fa B ¥ QP E) >0 s€w; =11 nia=1,2)

W® = S‘S uy (8, 7) Qyy~ (s, 8")u; (8", ¥) dQ dQ’
aQ
The square matrices

Q(s.8) =[Qu (s 8 Q% (s, 8") =] Qi (8, 80k

are assumed to be positive definite, continuous and symmetric in 8 and 8',

The functions f4 (8, ) (@ = 1,2) continuous in 8 and ¢ such that in the case of a
problem over a finite time interval, Jo® < oo, while in the case of a problem over an
infinite time interval, J, << oo and the solution of system (1,1) is asymptotically

stable in measure [6] o 1y
p= ( Bu'udQ)
(]

are called admissible controls, Here u’ is the vector transpose to the vector u,

Let us assume that system (1, 1) has a unique solution for any admissible initial dist-
ribution and any admissible control, The analytical design problem for regulators for
system (1,1) with the functional J, (J,*) consists of seeking among the admissible
controls the functionsf,” = f,* [u] (@ =1,2),which yield the minimum of the functional

Jo (Jo~) under any admissible initial distributions [6, 7}, The controls f,° (a = 1,2),
which solve the problem posed are said to be optimal, )

2, The method of extension of a differential operator, as applied to the system (1,1)-
-(1.4) being considered, consists of the following [3], We introduce an operator 4 and
the operator A *adjoint to it:

AQ=(Z-0))  aO=(-F-IVC @b

where L* is the operator adjoint to operator L. The domain D (A) of operator 4 is the
set of all functions u (8, £) satisfying the following conditions:

weH, AucsH, u@0=0 s=0
(2.2)
u(s,t)=0 (Bu(s,t)=0), sco, t>0
where H is a Hilbert space, The operator 4* has the domain [} (A*)which is the set
of all functions v (s, t), satisfying the following conditions;
veH, A*veH, v(s,)—-0 fortac, sl
v, t)=0 (Cv(s,)=0), scw, t>0 (2.3)
Here C is a boundary differential operator which for a given [ can often be defined in
such a way that the operators A and A* are adjoint to each other, The explicit form

of the operator C for B given by formula (1, 5) will be determined below,
In the Hilbert space H we introduce the scalar product
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xy)={ kZ;'yamau (2.4)

where X denotes the complex conjugate of X.For allu & D (A)and all ve= D (A*)
the relation

(A*v,u) = (v, Au) (2.9)

is valid, The method of extension of a differential operator consists in the introduction
of another operator 4, with a domain D (A,)broader than D (4).Namely, as D(4,) we
take the set of all functions W (s, ¢) satisfying all the conditions imposed on D (4),
excepting that w (s, #) (Bw (s, t)) does not necessarily vanish when 8 € @.The
scalar product (A* v, W) can be used to determine the operator 4,. We require that

(A*v, W) = (v, A W) (2.6)
By a Green's formula transformation and an integration by parts of the left-hand side of
relation (2. 6), we can obtain an expression for operator A ,,which contains delta funct-
ions and their derivatives,

Everything said above is valid also for the case of a finite time interval [(, t], except
for the obvious changes in the definition of scalar product (2,4) and in the third condi-
tion in (2, 3),

The problem of the analytical design of regulators with boundary controls can be re-
duced with the aid of the method of extension of a differential operator to a problem
with distributed controls, Here the homogeneous system (1.1) with nonzero (inhomo-
geneous) boundary conditions becomes an inhomogeneous system with zero (homogen-
eous) boundary conditions,

8, Using the realtion (2, 5) for determining 4 *v, we have
Au=col|4,u;...,4,u]
A =y — alfitjpg — 0Py — Q) EEB >0 i=t,n)

Let us assume for the moment that u, (8) = 0. By substituting Aw'into the right-hand
side of relation (2, 5) and by using Gréen's formula, an integration by parts, and the
zero (homogeneous) boundary conditions, we obtain

(v, Au) = j IX vy AjudQdt = j IZ Vg (U — a}',”u,p' —_— af, Ujp— Gyj u,)dﬂdt -
(] 0

8

{ @i + viBwydodt + [ § 4pv.ugodr= | £ ApvoudQdt = (A*v, )
M [N Y] 0

Cv=col|Cyv,...,Cnv}, A*v =col|4,*v,..., 4,."v]
Cyv = {alfvig + (wy — D) (@l — @) viyn, 0=t n)
APV = — vy — (8]fV)pq + (@FV)p — ayvy  ('=11uin) 3.1)

Thus we have obtained explicit expressions for operators A*_and C.
Let k (s)and g (8)be continuously differentiable scalar functions,
The following formula is valid:
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(e @@ do = — (a0 6, @@EN2 6 + 80 (o) g, () d2 =
» 4]

= — (A @ (@) 8 @)ea0 (3.2)

Q

Here, a subscript ¢ denotes differentiation with respect to.the argument s,, summation
over index ¢ is understood, @ (8) is the left-hand side of Eq, (1,6) defining boundary
@, 8 (9 (8)) and 8, (¢ (8)) are delta functions defined by the relations

(swEne@an={g@do, (s, @@ENe@an=— {g6)do (33)
[+] [ Q o

To determine an explicit expression for operator A , we use relation (2.6). By
substituting A* ¥ from (3.1) into the left-hand side of relation (2, 6) and by using
Green's formula and an integration by parts, after manipulations we obtain

(A*v,w) = j! (— vgr — (alfvi)pq + (alvi)p — ayyvy) widQdt =

9(_—-,8

S(v,B;w— w;C;v)dadt - 5 s‘v‘ A;wdQdt

Here we have assumed thatw (s, 0) = 0 (s & Q).In the case of the first boundary
value problem we use the boundary Conditions

v(s,t)=0, w(s,t)=1F (51 @B, t>0

Formula (3, 2) is obtained in the following form:
(arv,w) = — { (abttmignpdodt + § vy AwdQdt =
0 o )
)
h = col "hI' oo ey ”", h‘ =(§ (CP) avqf”n,,)q (t= 1,...,n) (3.4)
Aw=col|4,w, ..., AgpW|, Agw=Aw+h (i=1,..,n (3.9

vy (AW + k) dQdt = (v, A,w)

S Dem

In the case of the second boundary value problem, by using the boundary condition
Cv=0, Bw=f @Geo t>0
we obtain

(A*v, W)= .,< Sv.f.,dmdt + S Sv;A;wdet - °§ Sv; (AW -+ 8 (9) for) ARt =
©» Q

0
== (V? A,W)
Ayw = Ajw + 8(9) fu ‘(I=1,...,n)

In the case of the first boundary value problem it is obvious that system (1,1)-(1,3) is
equivalent to the system
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du/dt =Lu—h sEQ, >0 (3.6)
u(s,0)=uy(8) (s, t=0), ulg,)=0 (sco, t>0

In the case of the second boundary value problem the system (1,1),(1,2),(1.4) is equi-
valent to the system

Gu/dt = Lu — 8 () i, s€Q, t>0) 3.7)
us,0)=uy(s) (seq,t=0), Bu(s,t)=0 (sgo, t>0)
We rewrite W (e =1, 2)in the following form:
wd — SG (@) Q'3 dQ @=1,2) (3.8)
a

The modified form obtained for describing the original problem permits us to use the
dynamic programming method for solving the analytical design problem for regulators
with boundary controls in just the same way as in the case of a problem with distributed
controls [6, 7],

Note 3,1, In the case when the boundary controls act only on a certain part of
boundary w, the function ¢(s)should be equal to zero on this part of the boundary and
should not vanish outside it, In the case when different control functions are applied to
different parts of the boundary, Eqs, (3, 6) and (3, 7) will contain several terms of form
(3.4) in the right-hand sides,

4, We consider the analytical design problem for controllers over an infinite interval
in the modified form obtained in the preceding section, Assuming. that the principle of
optimality [10] is valid, in accordance with the dynamic programming method we intro-
duce the following functional:

M, [u(s, )] = ming, [ Wadn ~ @=1,2)
t

Having applied the formalism of the dynamic programming method, for the determin-
ation of [l [u (s, t)] we obtain the following functional equation:

miny, {1V + 8.alu (s, DIt =0 @=12 (4.1)

Here the second term within the braces is the variational derivative of the functional
IT, with respect to u in the directiondu / d¢(see [10] for example), Assume that the
functionalll, [u (8, £)]has the following form:

Matuls, 01 = { (' s, 08P, (5,8 u (s, Qa2 =12
aa
where P, (s. 8')(a = 1,2)is a positive-definite ( # X n)-matrix symmetric with
respect to § and 8’ Since in what follows it will always be clear from the text which
of the boundary value problems (first or second) we have in mind, for simplicity we
drop the index a in the notations I, and P, .Using Green's formula and the symmetry
of the mauix P (8, 8'), we obtain the following results:
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1, First boundary value Droblem

. rp OUu ’
8T [u(s, )] 2 _‘S‘g{( )P u+wp Sli0do =
=§ S'{(Lu—-h)' Pu 4 uP (Lu—h)}dQdQ" = (4.2)
0

- S.S (wLiPu—2n'Pu}d 42"+ {{ gudode+ { { wgaoao’
Q o 0} [2)

Ly P(s,8')=L,*P(s,8') + L,*P (s,9)
L*P(8,s") =|Ly*pi " Ll"P (s,8") = HL:’jpi "
=1Ly Pyl (=1,..,m), pP=]Py,...,P,] ‘ (t=1,.,n)
. Lgpy = (@K Pyglpg — @kiPri)p + axsPj (7=t m)
E:‘jpi = (ak; Pilpgr — (@R Pix)y + aiPye (b7 =1sim)
g1 =colfgyy -+ 81als g1 = col| gy, - v ganl
g =P Bu—wCp; (=1,..n Egu=p'Bu—wCp' (i=1,.,n)
Cpy = col|Cyp;, . . ., Cobsll (G =1,....n), CP* = col|Cipy. .., Cob*) (i =1,...,n)
Cip; = {ak! (Prs)g + (s — 1) (aki — (af?)q)P,,-} np i =1,...n)
Cip' = (a8 (Pl + (b — D (@F — @F)ePud (o = Loy )
(ak])g = 0ak{ (s)/0s,,  (ak])y = Baf (s')/3s,’, . .
Using expressions (1, 9) and (3, 8) for Wlm and W{z) , from (4. 2) we get
ming, {§ § ' (LirP + Q) u—20'Piy 429" + (8(e) Q0140 +

a0 ‘0
o
+ S { gy udode + S Su'gadem’} =0 (4.3)
u; d 0w
By substituting here h from (3, 4) we find the function f;°, which minimizes the left-

hand side of equality (4, 3), By omitting terms not containing function f,, in coordin-
ate notation we have

miny, { {80 012 — 2§ YO @) i)y Putid@d} = tum)
an

By writing out in detail the derivative with respect to s, and next using formula (3, 2)
and property (3, 3) of delta function'd (¢),we obtain

min,u{ SQj(l)fu’d‘l) +2 Sa:’}"fnnp S (Pix)q ude'dm} =1,....in)
[ [ [+]

By equating the variational derivative with respect to f;, to zero, we find the optimal
control

hi* @ 1) = — = —alf (5)m S(Pm (8, 8)q x (7, £) A

Q“’( )
(s€w, t>0,j=1,.,n) (4.4)
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By substituting (4, 4) into (4, 3) and by prescribing the boundary conditions for the matrix
P (s,8’) in such a way that the two boundary integrals in (4, 3) vanish, we obtain the
following matrix equation for determining P (8,8’) :

L,P+Q—PY=0 penseca) PY@8)=1P06 )

P (s,8") = .S.n,"am (8") (Pix (8,8"))g 'éﬁ;?)

P(s,8)=0 (scosresll) P(s,8')=0 (seil,scw)

(Py; (8”18 )en az (8") ni-do*

2, Second boundary value problem, Having carried out analogous
calculations, we obtain the following equation for determining the matrix P (g, 8°):

LyP+Q—P"=0 s=aq, s'en') PW(s,8") = | P{ (8,8 "

P (s,8") = SPm (8,8") —— Py,; (8", 8') doo”

Q‘”( 8*)
Cp;=0 (sca;s’c’;j=1,..,n) Cpt=0 (sc;sco)t=1i,....n)

The optimal control has the following form:

fif’ 8, ) = 'Q'(%(-ssg Py (8,8)u, (8,8)dQ (scwit>0:/=1,...,n) (4.5)
j

5, Let us consider the problem over a finite time interval, We introduce the follow-
ing functionals

<
M fu(s, ), £] =mm.‘{§ Wadn WO (@t 2) (5.4)
For the determination of I, [u (s, 1), ¢} (& = 1,2).we obtain the equation
— %l;_- = miny, {W. + 8, I, [u(s,?), tl_-;‘i} (am=1,2)
Setting -2 == ¥ frem (5,1) we get

Assume that the sobution of the functional equation has the form
M [u (s, ), ] = 5.5‘ W (8, {) Pu(s, 8, ) uls’, )dNAQ (@ =1,2)

where Pq (s, 8’, t) (@ = 1,2) is a square ( n X m)-matrix symme tric with respect
to 8 and 8’,In just the same way as in the preceding section we find that the optimal
controls f,*and f,° have the forms (4. 4) and (4, 5), respectively, on the interval

[0, 7], while for the determination of the matrices P, {8, 8', £) (& = 1,2) we obtain
the following equations:
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1, First boundary value problem,
— 3Pt =LyP 4+ Q—PY (sep,ve, te(0)
Pi,s',t)=0 (sco,s’'ecl’ tc[0,1), P 8,t)=0 (sc, e te]0,7)
P(s,8',7) = Q" (s,8) setsel t=1

2. Second boundary value problem,

— 0Pt =LWP+Q—P?® (eqve te(0,)

Cp;=0 sevnsel;tel0,1)j=1,...,n)
=0 (seQ;s'cw;te[0,1)i=1,...,n)

P(s,8',7) = Q7 (s,8) €, s, t=1)

8. Example, Consider the problem of regulating a rod's temperature over a finite
time interval;
Yu/dt = a?%u/es? (0<1<1, 0<tgT) (6.1)
u(s, 0) = upls) O<s<L, t=0), u(0 =0, u, )=/ Ot

where u(s, ¢) is the temperature mismatch, f(#) is the conwol, We take the functional
to be minimized in the form (1, 8), where
11

w ___.S u (s, £) Q (83 5') u (s'y t) dads’, w® =)
0

W =

u (2,7) Q% (s, #') u (¢, 7) dsds’

D)
Oy P

Having determined the explicit form of operator.4,, we rewrite (6.1) in the following
way:
2 2 25 1)
0u[6t=a asg_‘a (8_ )j()

u(s, 0) = up(s), u(0, )= u(l, ) =0

Here 8’(s — 4)-is the derivative with respect to '# of the delta function §(s — 1), As

before, the functional J* has the form (1, 8), however, W'? is rewritten as
1

W =/=(:)Sa(:-1)ds
0
Assume that I1{u(s, t), tJhas the form

11
O{u(s 1), ] = S S uls, )P (s, 8, t)u(s, t) dsds’
00

With due regard to the zero boundary conditions for P(s, &', t), the following equation:
1

m 0 {gi"(%}?,“““’%}r"* 4‘3-2}:+Q)udsds'+/’ (80— 1)ds + 2077 x
no s

b
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X § g 8 (5,—1) Pudsd:'} =0 (6.2)
00

corresponds to Eq, (4,3), The optimal control has the form

1
N‘):"’S ap(;,,s) ]

0 =]

(s, 1) ds’ (6.3)

Having substituted (6, 3) into (6,2), we find the equation forP(s, s', tr
2 2P OP (s, 8", 1) 0P (2", 8
?dit’- = a <3sI‘)+ ds")+ Q—ad (6 ) (63 0 971
<<, 0y <1, 0Kt <L)
P, s, ) =0 (s=0,1;0<€<¢<); 0<t< )
P(s, 8'; t) =0 e 3 =01; 0t <)
P(s,'d, 1) = Q% (s, &') <L, 0K Y 1,2 =1)

In the case being considered the operator L}, has the form

L ()= (5 ) )

We seek P(s, &', t)in the form of an expansxon in the eigenfunctions of operator L),:
P(sgs’,t) = A, 4 (¢) sinans sin Brs® (6.4)
Here and subsequently the summation w1ﬂ1 respect to the indicesa, B, 0,and. y_1s

carried out from one to oo,
Let Qy(s, #)and @ (s, s') have the following eigenfunction expansions:
Q(s,8') = gypsinanssin Bre’, QF(s,s') = q;B sin asnts sinfrs’ (6.9)

To determine the coefficients 4 , (t) we obtain the following system of ordinary
Ricatti differential equations
—dAp/dt = g5 — a¥n? (a2 - B%) 4,5 — at (— 1) ToymI4, 4

o<t<o f=12..)
Aap (1) = ¢fgm {t=T; @, B=1,2,..)

For practical purposes we restrict ourselves to a finite number of terms in expansions
(6.4), (6.5). In the case when we restrict ourselves to just one term in expansions
(6.4), (6.5), we obtain the following equation for the determination of A,,(¢):

‘—ddg/dt = gy — 223734, — a*ndAn?, Ay(T) = gu”

Its solution has the form

1 1— V14 gunm?
A =bt iy b=
al
h=—raram)y | B=sm ot v =it ab) (-

The author thanks A, M, Letov for useful discussions,
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